Abstract. Let ℓ be a rational prime number. Assuming the Gross-Kuz'min conjecture along a Z ℓ -extension K∞ of a number field K, we show that there exist integers µ, λ and ν such that the exponentẽn of the order ℓẽ n of the logarithmic class group Cℓn for the n-th layer Kn of K∞ is given byẽn = µℓ n + λn + ν, for n big enough. We show some relations between the classical invariants µ and λ, and their logarithmic counterparts µ and λ for some class of Z ℓ -extensions. Additionally, we provide numerical examples for the cyclotomic and the non-cyclotomic case.
Introduction
Let K be a number field and ℓ a prime integer. The logarithmic class group Cℓ K of K is the Z ℓ -module measuring the gap between the cyclotomic Z ℓ -extension K c of K and the maximal abelian pro-ℓ-extension K lc of K which splits completely over K c , i.e. Cℓ K is isomorphic to the relative Galois group Gal(K lc /K c ) (e.g. [9] , [10, Thm. & Conj. 2.3]). The logarithmic class group is conjectured to be finite for every number field, this is equivalent to the Gross-Kuz'min conjecture [13, §2] ; its finiteness is verified in the abelian case and some other cases (e.g. [12, 11] ). As an arithmetic invariant of a number field the logarithmic class group has importance in its own. The logarithmic class group is effective by computational methods [3, 2, 1] and it is related to the wild kernels in K-theory [14] . In spite of its tight relation to the ℓ-class group Cℓ K of K, it behaves differently in several situations (see §5).
We are interested in the study of the logarithmic class group along Z ℓ -extensions, in the spirit of Iwasawa's work for class groups [7, 8] . This has been done in the cyclotomic case by Jaulent in [9] ; in this situation the logarithmic class group attached to the n-th layer of the cyclotomic Z ℓ -extension has a nice interpretation as a quotient of Kuz'min-Tate modules [13] . This interpretation is no longer valid for non-cyclotomic Z ℓ -extensions whenever the base field admits such an extension.
Assuming the Gross-Kuz'min conjecture, the main result of this work provides a method for the non-cyclotomic case, and therefore completes the study of the logarithmic class group along Z ℓ -extensions: Theorem 1.1. Let K ∞ /K be a Z ℓ -extension. Assume the Gross-Kuz'min conjecture is valid along the Z ℓ -extension K ∞ . Let Cℓ n be the logarithmic class group of K n and let ℓ en be its order. There exist integers λ, µ ≥ 0 and ν such that e n = µℓ n + λn + ν, for n big enough.
This article is organized as follows. In Section 2 we recall briefly the basic definitions and properties of the logarithmic arithmetic that are helpful for our purposes, nonetheless, for more on logarithmic arithmetic we urge the reader to consult the seminal paper of Jaulent [10] . Then we show some results on logarithmic ramification in Z ℓ -extensions.
In Section 3 we construct a Λ-module, which is the logarithmic analogue to the Λ-module X in [16, §1] , to which we apply the codescent techniques. We show that this logarithmic Λ-module is noetherian and assuming the Gross-Kuz'min conjecture also torsion.
In Section 4 we prove Theorem 1.1 in the non-cyclotomic case as well as a set of results involving the µ and λ logarithmic invariants for some class of Z ℓ -extensions.
Finally, in section 5 we provide numerical examples, in both the cyclotomic and noncyclotomic case, of logarithmic class groups in the first layers of Z ℓ -extensions. Additionally we compare this information with the results in [6] to explicitely compute the µ, λ and ν logarithmic invariants.
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Logarithmic arithmetic
From now on we fix a number field K and a prime number ℓ = 2
1
. Let Pl 0 K be the set of finite places of K.
For any prime p let Q c p be the cyclotomic Z-extension of Q p . For a place p above p we define the logarithmic ramification index e p and the logarithmic inertia degree f p as
Similarly, for a local extension L P /K p we define the relative logarithmic ramification index e P|p and relative logarithmic inertia degree f P|p as
The logarithmic ramification index and the logarithmic inertia degree satisfy the following properties:
, where e p and f p are the usual ramification index and inertia degree. (2) For all q = p: v q (e p ) = v q ( e p ). (3) Multiplicative in towers: e P = e P|p e p and f P = f P|p f p . 1 The following results and statements have analogous formulations when ℓ = 2. In order to ease notations we will skip the treatment of such a prime.
Proof: This is [10, Thm. 1.4] and subsequent remarks.
We endow K with a family of ℓ-adic logarithmic valuations ( v p ) p∈Pl 0 K taking values in Z ℓ and which are defined as follows
Here v p denotes the classical valuation, N Kp/Q ℓ is the local norm, Log ℓ is Iwasawa's logarithm and deg p is a normalizing term defined 2 as follows
Remark 2.2. It is clear that v p (x) takes values in Z ℓ for p ∤ ℓ. This is in fact the case also for places p over ℓ. Consider the function
In particular this makes the logarithmic divisor map below well defined.
We define the logarithmic divisors Dℓ K as the free Z ℓ -module Dℓ K = p∈Pl 0 K Z ℓ p and we extend additively the mapping deg to all of Dℓ K , that is, for a logarithmic divisor d:
associates to each element in the tensor product a logarithmic divisor by means of the logarithmic valuation. It turns out that the image of an element in R K has degree 0 [10, Prop.& Def. 2.2]. The image Pℓ K of all these elements is the subgroup of principal logarithmic divisors. Therefore it is natural to consider the following exact sequence:
we call E K the group of logarithmic units (defined in the obvious way) and Cℓ
The group Cℓ * K of logarithmic classes of arbitrary degree is isomorphic to the Galois group Gal(K lc /K) of the maximal abelian ℓ-extension of K which splits completely over the cyclotomic Z ℓ -extension K c of K. The logarithmic class group is isomorphic to the relative Galois group Gal(K lc /K c ) [10, Thm. & Conj. 2.3]. The Gross-Kuz'min conjecture asserts that the Galois group Gal(K lc /K) is a Z ℓ -module of rank 1, equivalently, asserts the finiteness of the logarithmic class group.
Logarithmic ramification. Let p be a finite place of K. Let L/K be a finite extension, we say that p is logarithmically unramified ifẽ P|p = 1 for every place P above p. Hence if L/K is infinite, we say that p is logarithmically unramified if and only if it is logarithmically unramified for every finite extension K ′ /K contained in L. In the Galois case it might be more convenient to work with inertia groups to study ramification, so we give the corresponding description in the logarithmic setting in the very special case when L is an abelian ℓ-extension of K.
The so called ℓ-adic class field theory [9, I.1.2] establishes a correspondence between the decomposition group D p of the maximal abelian ℓ-extension K ab of K with the pro-ℓ-completion R p of the groups
. We can extend the logarithmic valuationsṽ p to the R p ; in the sense that we have an analogous
p U p , whereπ p is a logarithmic uniformizer and U p is the subgroup of logarithmic units, i.e. the kernel under the corresponding logarithmic valuation. The imageĨ p ⊂ Gal(K ab /K) of U p is said to be the subgroup of logarithmic inertia. Hence, we define the group of logarithmic inertiaĨ p (L/K) of the abelian ℓ-extension L/K as the image of U p in the Galois group Gal(L/K). We say p is logarithmically unramified in L/K ifĨ p ⊆ Gal(K ab /L). Notice that all the extensions we are considering are abelian, so we do not specify the place P above p since the logarithmic inertia subgroups are isomorphic.
In general, ℓ-adic class field theory (e.g. [9, Thm. 1.1.13.], [10, §2]) establishes a correspondence between the Galois group of the maximal abelian ℓ-extension of K and the following quotient:
where J K is the restricted product R p of the ℓ-adic completions R p defined above.
Remark 2.4. Notice that in the finite case this characterisation of logarithmic ramification for abelian ℓ-extensions in terms of inertia subgroups, coincides with the definition given at the beginning of the section.
In fact, as we have seen, if L/K is a finite abelian ℓ-extension and P is a place of on the other hand, the logarithmic ramification index is defined as the degree
, which is equal to the order of the Galois group
As a consequence of the classic case, logarithmic ramification behaves well at the tame places in Z ℓ -extensions.
Proposition 2.5. Z ℓ -extensions are logarithmically unramified at the places p ∤ ℓ of K.
Proof: Let K ∞ /K be a Z ℓ -extension. Let p be a place of K over p with p = ℓ. Let P be a place in K n lying over p.
For every n we have that K n is unramified at p [18, Prop. 13.2], i.e. e P|p = 1. We have that v q (e P|p ) = v q ( e P|p ) = 0 for every q = p, for the completions K n,P and K p are both extensions of Q p , hence the q-parts of the relative indices coincide due to (2 ) and (3 ) in Proposition 2.1. Moreover e P|p has no p-part since p ∤ | Gal(K n /K)|. We conclude that e P|p = 1 as desired.
In terms of ramification, the locally cyclotomic extension K lc of K corresponds to the maximal abelian extension of K which is logarithmically unramified. Unlike the classical case, this extension K lc is infinite since it contains the cyclotomic Z ℓ -extension K c of K. Since K lc is a subextension of the maximal abelian ℓ-ramified ℓ-extension of K, the group Cℓ * K ≃ Gal(K lc /K) is a noetherian Z ℓ -module, and assuming the Gross-Kuz'min Conjecture it has rank 1. This yields the following result. Lemma 2.6. Let K be a number field verifying the Gross-Kuz'min conjecture for the prime ℓ, let K ∞ /K be a non-cyclotomic Z ℓ -extension. Then at least one place p above ℓ is logarithmically ramified in K ∞ /K.
Proof: Let us suppose that K ∞ is logarithmically unramified, hence it is contained in K lc , but then Gal(K lc /K) would have Z ℓ -rank two which contradicts the GrossKuz'min conjecture.
Under the same assumptions and as a consequence of the preceding lemma we have the following corollary.
Corollary 2.8. There is an integer d such that K ∞ /K d is logarithmically totally ramified for a non-empty subset of places above ℓ and logarithmically unramified (possibly inert) for the rest of the places.
Proof: Let p 1 , . . . , p s be the places in K above ℓ which are logarithmically ramified. The logarithmic inertia subgroupsĨ i are closed and non zero in Γ = Gal(K ∞ /K) (i = 1, . . . , s), therefore we haveĨ
is logarithmically totally ramified at every logarithmically ramified place.
Lemma 2.9. For a Z ℓ -extension K ∞ of K the following conditions are equivalent:
(i) There exists a place p of K such that e P|p > 1 for some place P|p of the subextension
Let K ∞ be a non-cyclotomic Z ℓ -extension of K and p 1 , . . . , p s be the places in K above ℓ which ramify logarithmically.
3. The logarithmic class group along non-cyclotomic Z ℓ -extensions Let K be a number field admitting a non-cyclotomic Z ℓ -extension K ∞ with Galois group Γ = Gal(K ∞ /K), and assume the Gross-Kuz'min conjecture is verified for K. We denote K n the unique subextension of
Let p 1 , . . . , p s be the places of K above ℓ which ramify logarithmically. There exist two integers n 0 and d such that
Let C * be the inverse limit lim ← − Cℓ * Kn of the logarithmic classes of arbitrary degree of all the K n . The group C * is isomorphic to the Galois group Gal(K lc ∞ /K ∞ ) of the maximal abelian logarithmically unramified extension of K ∞ . Hence K lc n is the maximal subextension of K lc ∞ which is abelian over K n and splits completely over K c n , equivalently K lc n is the maximal sub-extension of K lc ∞ which is abelian and logarithmically unramified over K n . Hence for n ≥ d we have the following isomorphism of groups
The profinite group Γ acts on C * by innner automorphisms, since Γ is procyclic the action is uniquely defined by a topological generator γ ∈ Γ. The group
is then the semidirect product Γ ⋉ C * . We can extend the action of Γ to the Iwasawa
For every n ≥ 0, we set
We call cyclotomic factors the term ω 0 and the quotients ω n /ω n−1 for n ≥ 1.
Proposition 3.1. C * is a noetherian Λ-module. Moreover, if the Gross-Kuz'min conjecture holds for ℓ and every K n in K ∞ , it is torsion.
Proof: The locally cyclotomic extension K lc ∞ of K ∞ is contained in the maximal abelian ℓ-extension K lr ∞ of K ∞ which is ℓ-ramified. The Λ-module C * can be written as a quotient of the noetherian Λ-module
. This yields the noetherian property.
For n ≥ 0 let us denote L ∞/n the maximal abelian extension of K n which is logarithmically unramified over K ∞ , i.e. the maximal abelian extension of K n contained in
Then we have the following group isomorphisms
Let d be as in Corollary 2.8, for n ≥ d let p 1 , . . . , p s be the primes of K n which are logarithmically ramified in K ∞ ; the number of these primes is the same for all n ≥ d. For each i = 1, . . . , s letĨ i be the logarithmic inertia subgroup of p i in the extension L ∞/n /K n . Since p i is totally logarithmically ramified in K ∞ and the extension L ∞/n /K ∞ is logarithmically unramified, the groupsĨ i are pro-cyclic isomorphic to the free Z ℓ -module Γ ℓ n ≃ Z ℓ . So we restrictĨ i to Γ ℓ n . On the other hand, since none of the places apart of p 1 , . . . , p s are logarithmically ramified in L ∞/n , it follows that the productĨ 1Ĩ2 · · ·Ĩ s fixes the maximal logarithmically unramified subextension of L ∞/n over K n , which is nothing else than In our case due to the structure of Cℓ * Kn we have that
Proposition 3.3. Assume the Gross-Kuz'min conjecture for all K n in K ∞ . Let C = lim ← − Cℓ Kn the inverse limit of the logarithmic class groups Cℓ Kn . There is an isomorphism of Z ℓ -modules
Proof: Consider the following exact sequence 0 → Cℓ Kn → Cℓ * Kn → Z ℓ → 0. We take the inverse limit lim ← − for the arithmetic norm maps in each of the terms. It is a well known fact that profinite groups satisfy the Mittag-Leffler property (e.g. [15, II.7] ). So we obtain exactness when taking inverse limits
Assumption on the logarithmic ramification. Before approaching our problem in great generality, let us assume first that the places of K which ramify logarithmically in K ∞ are totally logarithmically ramified. We can always do so by rewriting the Z ℓ -extension in order to have K = K d , with d as in Corollary 2.8.
For each place p i ramifying logarithmically, let G = Gal(K lc ∞ /K) ≃ C * ⋊ Γ and let I i ⊂ G its logarithmic inertia subgroup. Since K lc ∞ /K ∞ is logarithmically unramified, we have that each logarithmic inertia subgroup has trivial intersection with the group
Since K ∞ /K is totally logarithmically ramified over p i , the groups of logarithmic inertiaĨ i restrict to Γ.
Since we are mainly interested in the study of the logarithmic class groups (of zero degree) Cℓ Kn , we consider the group H = Gal(K lc ∞ /K c ). We take advantage of the fact that the cyclotomic extension is logarithmically unramified, so the logarithmic ramification groupsĨ i ⊂ G remain unchanged in H, i.e. they are procyclic and restrict to Γ. The group H is the semi-direct product of Γ and the normal subgroup Gal(K lc ∞ /K ∞ ), and can be written as
In particular we can takeσ 1 = γ for a topological generator γ of Γ.
Let H ′ be the closure of the commutator subgroup of H. We know that H ′ ≃ ω 0 C ≃ T C, the last is the isomorphism
given by γ → T + 1 [18, Lemma 13.14]. 
Then
Cℓ Kn ≃ C/Y n for n ≥ 0.
Proof: First, we show the case Cℓ K ≃ C/Y 0 . The locally cyclotomic extension K lc is the maximal abelian extension logarithmically unramified of K c contained in K lc ∞ . Its Galois group Gal(K lc /K c ) is hence equal to Gal(K lc ∞ /K c )/Z 0 , where Z 0 is the smallest subgroup of H = Gal(K lc ∞ /K c ) containing the commutator subgroup H ′ as well as the logarithmic inertia subgroupsĨ i , 1 ≤ i ≤ s. The decomposition of H in a semi-direct product ofĨ 1 and C yields
Now let us assume n ≥ 1. If we replace K c by K c n , the extension K c ∞ /K c n is also a Z ℓ -extension. The above result can be applied by replacing the topological generator γ by γ ℓ n and theσ i becomeσ ℓ n i . Notice that for every integer k, we have:
and particularly, for k = ℓ n , the isomorphismĨ 1 ≃ Γ givesσ ℓ n i =ã ωn/ω 0 i (σ 1 ) ℓ n . This implies that the groups of logarithmic inertia of H n = Gal(K lc ∞ /K c n ) are generated by the ωn ω 0ã i . Finally, the commutator subgroup H ′ n of H n is given by ω n C. From which the result follows.
General case.
In what follows we come back to the general situation exposed in the beginning of the section. Let K ∞ be a non-cyclotomic Z ℓ -extension of K. Let p 1 , . . . , p s be the places of K which ramify logarithmically and let d the smallest integer such that the Z ℓ -extension K ∞ /K d is totally logarithmically ramified.
Proof: We apply the Proposition 3.5 to the extension K ∞ /K d , the group C being the same as the original extension. The element γ ℓ d generates Gal(K ∞ /K c d ), and naturally
it comes that the commutator subgroup of Gal(K ∞ /K n ) is given by
that is a morphism Y d → C of Λ-modules with finite kernel and cokernel.
Structural parameters
Let us recall a fundamental result (e.g. [18, Thm 13 .12]).
Theorem 4.1 (Structure theorem of noetherian Λ-modules). Let M be a noetherian Λ-module. There is a Λ-module morphism M → E to a unique elementary Λ-module E with finite kernel and finite cokernel:
with P j distinguished polynomials, ordered by divisibility:
The integer ρ is the rank of the Λ-module M , and the polynomial
is the characteristic polynomial of the torsion sub-module of M . we say that ρ, µ and λ are the structural invariants of the Λ-module M .
We have that C is a noetherian Λ-module (Prop. 3.1). Let us writeρ,μ andλ for the invariants defined above for C. Therefore assuming the Gross-Kuzmin conjecture we haveρ = 0 and we obtain the following theorem.
Theorem 4.3. Let K ∞ be a non-cyclotomic Z ℓ -extension of K. Let Cℓ Kn be the logarithmic class group of K n . Assuming the Gross-Kuz'min conjecture for ℓ and every finite subextension K n of K ∞ /K there exist integersλ,μ ≥ 0 andν, such that
for n big enough. In order to compare the classical and logarithmic invariants, we recall the following definition.
Definition 4.5. We say that a sequence (X n ) n∈N of finite Z ℓ -modules is parametrized by (ρ, µ, λ) if the order ℓ x(n) of X n is asymptotically given by the formula:
where ≈ means that the difference of the right and left side terms is bounded. Moreover, we say that it is strictly parametrized if the difference is eventually constant.
Let K ∞ /K be a non-cyclotomic Z ℓ -extension of K. Let C = lim ← − Cℓ be the inverse limit of the ℓ-class groups of the K n . Then C is a torsion Λ-module corresponding to the Galois group Gal(K nr ∞ /K ∞ ) of the maximal abelian unramified ℓ-extension K nr ∞ of K ∞ . Similarly the inverse limit C * = lim ← − Cℓ * Kn of the logarithmic classes of arbitrary degree of the K n , corresponds to the Galois group Gal(K lc ∞ /K ∞ ) of the maximal abelian logarithmically unramified ℓ-extension K lc ∞ of K ∞ ; after the propositions 3.1 and 3.3, assuming the Gross-Kuz'min conjecture C * is a noetherian torsion Λ-module, isomorphic as Z ℓ -module to a direct sum C * ≃ C ⊕ Z ℓ . As a consequence of theorem 4.1 we obtain the following proposition. Proposition 4.6. Let C * and C be as before. The characteristic polynomials associated to these Λ-modules satisfy χ
, and we have the following relations for their parameters
where µ * and λ * (respectively µ and λ) are the parameters associated to the Λ-module C * (respectively C).
Let p 1 , . . . , p s be the places of K above ℓ. We have the short exact sequence of ℓ-groups
where
K is the subgroup of Cℓ * K generated by the classes of the p i ; the group Cℓ ′ K is the quotient of the ℓ-part of the class group of K and the ℓ-part of the subgroup generated by the classes associated to the primes p i above ℓ
Since the Mittag-Leffler property holds on profinite groups, taking the inverse limit in the short exact sequences (5) and (6) gives short exact sequences, and setting
Le us denote by µ and λ (respectively µ ′ , λ ′ ) the parameters attached to the Λ-module C (respectively C ′ ). We have the following obvious relations
with µ [ℓ] and λ [ℓ] (respectively µ * [ℓ] and λ * [ℓ] ) as the associated parameters to
The following definition, if verified, allows us to have some control on the characteristic polynomials of the preceding modules.
Definition 4.7. Let K ∞ be a Z ℓ -extension of K. We say that a place p of K splits finitely in the tower K ∞ /K, if its decomposition group in Gal(K ∞ /K) is open, equivalently, if there is an integer n p such that the layer K np corresponds to the decomposition field of p in K ∞ /K.
Remark 4.8. The preceding definition holds for every wild place in the cyclotomic Z ℓ -extension of every number field.
With the notation of (8) and (1) we state the following theorem:
Assume that the places of K above ℓ split finitely in the extension K ∞ /K. Then the structural invariants (ρ, µ, λ) attached to the sequence (Cℓ n ) n∈N of ℓ-class groups and the invariants ( ρ, µ, λ) attached to the sequence ( Cℓ n ) n∈N of logarithmic class groups along the extension K ∞ /K satisfy the following relations:
And the characteristic polynomials of the torsion Λ-modules C and C just differ by cyclotomic factors.
Proof: The first relation is trivial since C and C * are Λ-torsion modules.
Let We have the decomposition into cyclotomic factors
Since the minimal polynomial and the characteristic polynomials must have the same factors, the characteristic polynomials of C [ℓ] and C * [ℓ] differ just by cyclotomic factors.
Hence the Λ-modules C and C * have the same µ invariants by (8) and their λ invariants might be different. From (4) we recover the relations for the logarithmic class group.
Corollary 4.10. With the same notation as above we have
Remark 4.11. Assuming the Gross-Kuz'min conjecture in Proposition 3.3 we deduced that λ * = λ + 1. Observing that the Z ℓ -submodule C * [ℓ] of C * is infinite, for it contains the classes α · p for p a place over ℓ and α ∈ Z ℓ (see §2), we can apply an analogous argument to the Λ-modules C [ℓ] and C * [ℓ] , from which we deduce that λ
The following table summarizes our results.
Invariants attached to parametrized sequences of finite Z ℓ -modules.
We give an example for which we can apply our results.
Example 4.12. Let K be a quadratic imaginary number field and ℓ a prime number splitting in K, say (ℓ) = ll. The maximal abelian l-ramified ℓ-extension M l of K contains a non-cyclotomic Z ℓ -extension of K, say K ∞ . For consider the ℓ-Hilbert class field H of K, then
where s l (µ K ) is the image of the generalized units µ K of K under the localisation map
In particular, since K/Q is abelian, Lemma 2.6 states that at least one place l over ℓ ramifies logarithmically in K ∞ . Finally, the image of the decomposition subgroup D¯l inside Gal(M l /K) is isomorphic to Z ℓ × finite abelian ℓ-group, hence it has finite index in Gal(M l /K). For the image of D¯l is
Therefore both places l andl split finitely.
Numerical examples
5.1. Quadratic fields. We use the functions and algorithms implemented by Belabas and Jaulent in [1] to compute the logarithmic class group of a number field. These algorithms are now available in PARI/GP [17] . We use PARI/GP to compute the extensions corresponding to the first layers of some Z ℓ -extensions, afterwards we apply the logarithmic class group algorithms to each of these number fields.
Let K be a quadratic field of the form Q( √ d). For now we will restrict to the computation of the 3-group of logarithmic classes in the layers K = K 0 , K 1 and K 2 of the cyclotomic Z 3 -extension of K.
In the next table we take −100 < d < 100. For sake of space, we just show all the cases for which the logarithmic class group is not trivial and for which 3 splits in Q( √ d). In the next table we present all the cases meeting with the following criteria:
−100 < d < 3 000, 3 splits in Q( √ d) and the groups Cℓ K and Cℓ ′ K are not trivial.
Theorem 5.1 (Logarithmic Ferrero-Washington). Let K be an abelian number field over Q, and let K c /K be its cyclotomic Z ℓ -extension. Then
Remark 5.2. We have µ = 0 for the examples given in the preceding section 5.1.
Also in [9, IV.1] it is shown that λ ′ = λ, where λ ′ is the invariant attached to the ℓ-subgroup of ℓ-classes Cℓ ′ n , indeed this follows from the fact that in the cyclotomic tower we have Cℓ n ≃ C ′ /ω n C ′ . Furthermore Gold's papers [4] and [5] allow us to compute explicitly the value of λ for imaginary quadratic fields:
. Let K be an imaginary quadratic number field and let K n be the n-th layer of the cyclotomic Z ℓ -extension of K. Let e ′ n be the power of the order of the ℓ-subgroup of ℓ-classes Cℓ ′ n attached to K n . If there is n ≥ 1, such that e ′ n −e ′ n−1 < ϕ(ℓ n ), then
We use these facts to compute µ and λ for the layers K, K 1 and K 2 of the cyclotomic Z 3 -extension of the imaginary quadratic number field Q( We now compute the logarithmic class groups for the layers K and K 1 of the cyclotomic Z 5 and Z 7 extensions of the imaginary quadratic number fields Q( √ d) for −100 ≤ d ≤ −1. In all these cases, it suffices to compute Cℓ K and Cℓ K 1 to know the logarithmic invariants.
Case ℓ = 5 Case ℓ = 7 [6] .
Let K = Q( √ −3) and ℓ = 3. Let K ∞ be the anti-cyclotomic Z ℓ -extension of K, that is Gal(K/Q) acts by -1 on Gal(K ∞ /K). Let K 1 be the first layer of K ∞ , i.e.
is an extension of degree 3 of K. Let L n be such that L n = LK n , therefore L ∞ /L is a non-cyclotomic Z ℓ -extension.
All places of L above 3 are ramified in L ∞ /L, and hence they split finitely in the sense of Definition 4.7. Hence Theorem 4.9 is valid for our examples, this implies thatμ = µ. For the examples below we know the values of µ, λ and ν [6, §9.1]. Furthermore we know that for n big enough we havẽ e n =μℓ n +λn +ν, thereforeẽ n+1 −ẽ n −μ(ℓ n+1 − ℓ n ) =λ.
Assumption:
The n in theorem 4.3 is the same as in the classical situation (which in the following examples turns out to be n = 0).
Then we computeẽ 1 andẽ 0 with PARI/GP and use the above formula to obtainλ.
Remark 5.4. It would be interesting to give conditions under which the above assumption is true. In the examples below it seems to work since the ramification indices and the logarithmic ramification indices are equal for all the primes above 3 in L and L 1 . 
